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1. Iz~TR~Du~TI~N 
Let Syl,(G) denote the set of Sylowp-subgroups of a finite group G. Let * 
be the equivalence relation on Syl,(G) g enerated by nontrivial intersection. 
We say that G is p-isolated if G has more than one w-equivalence class of 
Sylow p-subgroups. For p = 2, this definition is equivalent to the assertion 
that G has a strongly embedded subgroup (see Bender [2] for details.) 
In [l], Alperin introduced the notion of a conjugation family and proved 
that fusion of p-elements in a group G is determined by the p-local subgroups 
of G. Recall that a p-local subgroup is a subgroup of the shape No(H) where 
H is a p-subgroup of G. The object of this paper is to show that fusion of 
p-elements is in fact determined by p-local subgroups N(H) such that 
iV(H)/H is p-isolated. 
For p = 2 this result is powerful in view of the following fundamental 
classification theorem of Bender [2]. 
THEOREM (Bender): Let G be a finite group which is 2-isolated. Then either 
(1) A Sylow 2-subgroup of G is cyclic or generalized quaternion 
or 
(2) G/O,,(G) has a normal subgroup of odd index which is isomorphic to one 
of the following groups 
(a) PSL(2,2”) (n 2 2) 
(b) PSU(3,2’7 (n >, 2) 
(c) &(22n+i). 
In particular, we find that fusion of 2-elements (or more generally, subsets 
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of a Sylow 2-subgroup) is determined by 2-local subgroups whose com- 
position factors are of known type. 
This paper is really just a remark that Alpcrin’s methods actually prove 
more than he originally stated, so in order to save space and time we will 
assume complete familiarity with the definitions and results of [l]. 
2. PRELIMIXARY RESULTS 
LEMMA 2.1. In the permutation representation of a finite group G acting 
on Syl,(G) by con&gation, the FW-equivalence lasses form a system of imprimi- 
tivity. Let H be the stabilizer of a FW-equivalence lass V?‘. Then: 
(1) % = Syl,(Zf). 
(2) If P E Syl,(G), then either P C H or P r\ II = I. 
(3) If K is a p-subgroup of Ii, then N,(K) < II. 
Proof. If P, Q E SyI,(G) and P w Q, then clearly Pz m Qx for all x E G. 
Thus G permutes the a-equivalence classes, as asserted. Let P ~59 and 
x E NG(P), then P E %’ n %? whence %“” = % and x E H. In particular, 
%Z C Syl,(H). Clearly, V is a =-equivalence class of Syl,(H) whose stabilizer 
in H is equal to H. Therefore the associated system of imprimitivity is trivial, 
which means that ?? --- Syl,(H), and (1) is proved. Statements (2) and (3) 
are immediate from (1). 
THEOIU~M 2.2. Let G be a jinite p-solvable group which is p-isolated. Then 
O,(G) = 1 and Sylow p-subgroups of G are cyclic or generalized quaternion. 
Proof. Clearly O,,(G) :: 1. Proceeding by induction, let N be a minimal 
normal subgroup of G. Since G is p-solvable, IV is a proper p’-subgroup. 
Let H be the stabilizer of a w-equivalence class, we argue that N$ H. For 
bv induction, GjN has one =-equivalence class. It follows by Lemma 2.1 
&at there exists P E Syl,(H), Q E Syl,(G) such that Q n H = 1 but 
PN n QN > N. Then PN n QlV = I’&’ = Q,,X for some PO C P and 
Q. CQ. So if N 5; H we obtain the contradiction 
QnH>QnP,,N-QnQ,N=Q"> 1. 
r\l’ow let Y be a prime divisor of [ N : N n H i and let R be a Sylow Y 
subgroup of N normalized by P. Then P normalizes R, : R n H and 
NRW/‘& > a proper r-section. Since C,(x) C H for all x E P by Lemma 2.1 
the action of P on N,(R&R, is faithful and Frobenius, whence P is cyclic 
or generalized quaternion, as asserted. 
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3. MAIN THEOREM 
Suppose G is a finite group and P E SyI,(G). In [l] Alperin showed that 
in order to determine the complete fusion pattern of subsets of P in G, it 
suffices to know the fusion pattern of subsets of H in N,(H) where H is a 
subgroup of P satisfying the following conditions: 
(1) H = P n Q is a tame Sylow intersection for some Q E Syl,(G); 
(2) C,(H) C H. 
We will show that, in addition, H may be assumed to satisfy the following 
conditions: 
(3) H is a Sylow p-subgroup of O,,.(N(H)); 
(4) H = P or N(H)/H is p-isolated. 
Property (3) imposes some conditions on the embedding of H in P which 
will be discussed in Section 4. If N(H) is p-solvable, then (4) together with 
Theorem 2.2 imply that N,(H)/H is cyclic or generalized quatemion, and if 
p = 2, then Bender’s results [2] and (4) impose strong conditions on N(H). 
Now let P be a fixed Sylow p-subgroup of G, and let 9 be the set of all 
pairs (H, 7’) where H satisfies condition (1) above and 
T = N(H) if H also satisfies (2)-(4) 
C(H) otherwise 
For Q, R E Syl,(G), we will write Q F R if Q N R with respect to s as 
given by definition 5.2 of [l]. Then we have 
LEMMA 3.1. 7 is a transitive relation. 
LEM~IA 3.2. If Q, R E Syl,(G) such that P n R 2 P n Q, R y P via x 
and 8” .-g P, then Q 2 P. 
The proofs of these lemmas are direct generalizations of 2.1 and 2.2 of 
[l] (see [l], p. 238). 
We want to show that 9 is a conjugation family. By the main theorem of 
[I] (p. 237) it suEices to prove: 
THEOREM 3.3. 9 is an inductive family. 
Proof. Let H = P n Q be a tame Sylow intersection such that S p P 
forallSESyl,(G’)suchthat 1 Pn Sl > [ PnQ I. WeneedtoshowQy P. 
By Lemma 3.1, it suffices to show Q F R for some R such that 
lPnRl> [HI. 
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If H satisfies (2 j(4) b a ove, then (H; X(H)) E 9r and ~o(~~ = N,(H) 
for some x E N(H). Thus P n p 3 .Np(.E1) > H and Q y 8” (via x). So 
we may assume that (H, C(H)) E 9 and (2), (3), or (4) fails. 
Suppose (2) fails. Then C,(H), Co(H) E Syl,(C(H)) and Co(H)v = C,(H) 
for some x E C(H). Hence, P n p >, fXp(N) > H and Q F &“. 
Suppose (3) fails. Set 
PI = A$(H) n O,r,,(N(H)) and 0, = NQ(H) n o~‘s,(N(H)). 
Then Pr > li and Qrz = PI for some x E O~,(~V(~)) C C(H). Again, 
Pnp > HandQzp. 
Therefore we may assume (4) fails. Since ~(~)~~ is not p-isolated, there 
exist Sylow p-subgroups R, = N,(H), R8 ,..., R, = NQ(H) of N(H) such 
that RinR,I,>H(l <i<n-1). Let QI=P, Qf2,,.,,Qr==Q be 
Sylow p-subgroups of G such that Ri C Q+ (1 < i < n). We will show, by 
induction on i, that Qi F P (1 < i < n). Clearly, P = Qr 7 P. Suppose 
Qi 7 P via x. Since P n Qi+r > H we may assume that P n Qiel = H, 
otherwise Qi+r z P by our choice of H. Therefore P n Qi 2 P n Qzi+l . 
Since Qi5 = P we have 
lp%?&/ = lQdZnQ&l = /QinQiGII >iH:. 
Hence Qzt.i F P by our choice of H, By Lemma 3.2, Qi+r 7 P. It follows 
that Q7‘ :-A. Q 7 P and the proof is complete. 
For the convenience of the reader, we state the fusion result which is a 
consequence of Theorem 3.3. 
THEOREM 3.4. Suppose G is a Fnite group, P E Syl,(G) and A and B are 
subsets of P which are conjugate in G. Then there exist subgroups HI , H2 ,..,, H,, 
satisfying conditions (l)-(4) b a me and elements xi E N(H,) (I < i .< n) and 
an elmerat y E N(P) such that 
(1 < i < n - 1), 
Theorem 3.4 follows by noting that the family 
.Fo = {(H, N(H) I H satisfies (1) - (4)) 
is a weak conjugation family. The verification of this fact is immediate from 
the fact that p is a conjugation family. 
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4. FURTHER REMARKS 
Suppose P E Syl,(G) is a known group and we are interested in compiling 
a list of candidate subgroups H C P which may satisfy conditions (1)<4) of 
the previous section. As pointed out previously, condition (4) may eliminate 
some possibilities. We remark here that conditions (2) and (3) impose con- 
straints on H which do not depend on the embedding of P in G. 
DEFINITION. Suppose hp = HI 1 Hz 3 **a r) H, is a chain of charac- 
teristic subgroups Hi of H. % is said to be a critical chain if 1 is the only 
p’-element of Aut(H) which stabilizes %. 
Note that by [3], pp. 178-180, %’ is critical if H = HI and 1 = H,, , or if 
HI = H and H, < G(H). There are also examples where HI may be proper 
(e-g., 131, P. 185). 
LEMMA 4.1. Suppose H, P, and G are groups such that conditiuns (l)-(3) 
of Section 3 are satisfied. Then every element of P which stabilizes a critical 
chain of H is contained in H. 
Proof. Suppose false, and let V be a critical chain with stabilizer PI in P 
such that PI 6 II. If necessary, we can refine V to a chain whose factors are 
characteristic chief factors, so that H itself stabilizes V. Hence we may assume 
that PI > H. Let N = N,(H) and let S be the stabilizer of V in N. Set 
Pz = S n N,(H) = NpJH), then Pz E Syl,(S) since S CI N. Also, PI > H, 
so that Pz > H. Since every p’ element of S lies in C(H) = Z(H) x O,,(N), 
S = P,O,f(N). Therefore, SC O,,,,(N) so that by (3) we have Pz C H, 
a contradiction which completes the proof. 
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